Abstract. We prove that a smooth projective surface S over an algebraically closed field of characteristic p > 3 is birational to an abelian surface if P1(S) = P4(S) = 1 and h 1 (S, OS) = 2.
Introduction
An often-tackled problem in algebraic geometry is that of characterizing projective varieties in terms of their birational invariants. In this frame, a classical result of Enriques states that a smooth complex surface S with plurigenera P 1 (S) = P 4 (S) = 1 and irregularity h 1 (S, O S ) = dim S is birationally equivalent to an abelian surface ([En1905] ). In the literature there are now several theorems birationally characterizing complex abelian varieties in terms of certain plurigenera and some other hypotheses. Among these results, Chen and Hacon proved in [CH01] that a smooth complex projective variety X with P 1 (X) = P 2 (X) = 1 and h 1 (X, O X ) = dim X is birational to an abelian variety. What these works have in common is that they rely on the theory of generic-vanishing, and in particular on statements that are known to fail in positive characteristic ([HK15] , [Fi17] ). Therefore it is still an open question whether and what kind of generalizations of Enriques' theorem hold when dealing with varieties defined over fields of positive characteristic. When in characteristic zero, given a variety X, the dimension of H 1 (X, O X ) equals the dimension of Alb(X), the Albanese variety of X. In this situation, one can proceed to prove that the Albanese morphism gives a birational morphism between X and Alb(X), provided that h 1 (X, O X ) = dim X. In positive characteristic h 1 (X, O X ) does not necessarily equal dim Alb(X), so that if for a surface S one fixes h 1 (S, O S ) = 2, then the Albanese variety of S is not necessarily a surface.
While generalizations to higher dimension will be the topic of subsequent papers, the result proved here is Theorem 1.1. Let S be a smooth projective surface over an algebraically closed field of characteristic p > 3. If
then S is birational to an abelian surface.
The conditions P 1 (S) = P 4 (S) = 1 imply that P 2 (S) = 1. The statement would be stronger if one could fix P 1 (S) = P 2 (S) = 1 and make no requirement about P 4 (S). By the work done here, if one asks only for P 1 (S) = P 2 (S) = 1 there would be only a few specific cases of surfaces that might cause the conclusion of the theorem to fail.
The result is proven by considering the Kodaira dimension of S and checking that those fixed invariants lead to a contradiction in all cases but when κ(S) = 0 and S is birational to an abelian surface. Indeed, clearly, having a non-zero plurigenus implies that κ(S) = −∞. Moreover, S cannot be of general type: the plurigenera are birational invariants and, from [Ek88, Corollary 1.8], P 2 (S) ≥ 2 for a surface S of general type. Also, assume κ(S) = 0. As observed in the proof of [Li09, Theorem 1.2], if the characteristic is neither 2 nor 3 the Pic 0 of a surface is reduced and ∆ := 2h 1 (S, O S ) − b 1 is zero. Therefore, looking at the table in [BM77, Introduction and Preliminary Reductions], it is immediate that, since h 1 (S, O S ) = 2, S must be birational to an abelian surface. P 1 (S) = 1 alone would have ruled out the cases of Enriques and hyperelliptic surfaces, but not K3 surfaces.
From this discussion, either κ(S) = 1 or S is birational to an abelian surface. The work done in the following sections is for ruling out the case κ(S) = 1.
The condition P 4 (S) = 1. As mentioned, assuming only P 1 (S) = P 2 (S) = 1 would not allow to rule our a few cases. The condition P 4 (S) = 1 is used to exclude one particular case of elliptic fibration onto a curve of genus zero when the characteristic of the base field is 5 (see Remark 2 and Remark 3), and the case of an elliptic fibration over a curve of genus one with exactly one multiple fibre which is not wild (see Remark 1). In particular, in the first of the two cases mentioned, [KU85, Lemma 3.3] would imply that dim Alb(S) = 1, therefore dim Alb(S) < h 1 (S, O S ), and this would not happen in characteristic zero. In the second case, i.e. the fibration onto a curve of genus one, by [KU85, Lemma 3.4] Alb(S) could be either a surface or a curve.
Characteristic 2 and 3. The assumption that p ≥ 5 is needed when κ(S) = 0 to rule out the possibility of S being birational to an hyperelliptic or a quasi-hyperelliptic surface, and when κ(S) = 1. In this latter case, a part of what is done in Section 2 goes through when p = 2, 3 (also considering the case of quasi-elliptic surfaces), and the computations made here allow only to say that, if such an S exists, then it must be birational to a (quasi-)elliptic surface fibred over a curve B of genus either 1 or 0. If g(B) = 1, then the elliptic fibration has exactly one multiple fibre that is not wild, and if g(B) = 0, then the fibration has either one or two multiple fibres, both wild.
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Conventions and notations
S is assumed to be a smooth projective surface over an algebraically closed field k of characteristic p > 0. We denote by ω S the canonical bundle of S and by K S a canonical divisor in ω S . The Kodaira dimension of S is denoted κ(S) and for i ∈ Z h i (S, ·) := dim H i (S, ·). Also we denote by χ(S) :
The plurigenera of S are P n (S) := dim H 0 (S, ω ⊗n S ) for n positive integer.
Background and preliminary results
As mentioned previously, a surface S with P 1 (S), P 2 (S) and h 1 (S, O S ) fixed as from Theorem 1.1 must either be birational to an abelian variety or have Kodaira dimension 1, and therefore the latter is the case which is to be studied and excluded. Since the goal is to classify S birationally having fixed those birational invariants, S can be assumed to be a minimal surface. This assumption is helpful because for a minimal surface S with κ(S) = 1, in characteristic neither 2 nor 3, the Stein factorisation of the Iitaka fibration gives a relatively minimal elliptic fibration Let b 1 , ...b r ∈ B be the finitely many points at which the fibre f −1 (b α ) is multiple, that is to say:
with m α ≥ 2 and P α indecomposable of canonical type (recall that a curve C = n i C i is of canonical type if for all i one has (
be the decomposition of R 1 f * O S into an invertible sheaf L and a torsion sheaf T supported over the points of the curve B whose inverse image is a wild fibre.
The following theorem holds ([BM77, Theorem 2]):
Theorem 2.1. Let f : S −→ B be a relatively minimal elliptic fibration and let
where a. m α P α are the multiple fibres;
2.1. Relations among numbers of the elliptic fibration. To prove that an S such as in Theorem 1.1 is an abelian surface, one has to show that there cannot exist an elliptic fibration f : S −→ B. The first step for achieving this is to show that if such a fibration existed the genus of the base curve would be bounded by having fixed h 1 (S, O S ).
Lemma 2.2. Let f : S −→ B be a quasi-elliptic surface or an elliptic surface. Then
Proof. Indeed, one has a Leray spectral sequence
By [Ha77, III, Proposition 8.1] the sheaves R q f * O S are trivial except possibly when 0 ≤ q ≤ 2, and so the page two of the above spectral sequence has zeroes except for a rectangle consisting of two objects in the horizontal direction and three in the vertical one. It follows that at page two there are no differentials between two nonzero vector spaces, and thus the sequence degenerates here and therefore H 1 (S, O S ) can be split as:
and H 1 (B, O B ) has dimension g(B) since B is smooth. The conclusion follows.
The following lemma provides some useful relations among numbers connected to objects on the base curve B.
Lemma 2.3. Let f : S −→ B be a minimal elliptic surface with h 1 (S, O S ) = 2 and P 1 (S) = 1. Let L and T be as in (4). Then and this proves (ii). From Lemma 2.2, one immediately has (iv). From (8) and (ii) one gets (i). By (i) and the Riemann-Roch Theorem for curves
2.2. An inequality for the plurigenera. When, with the notation of Theorem 2.1, ω S = O a α P α , one gets a lower bound for P 2 (S) depending on the number of the fibres that give rise to an a α as big as possible (i.e. either multiple fibres that are not wild, or strange fibres: wild fibres with a α = m α − 1, following the terminology of [KU85] ).
Lemma 2.4. Let f : S −→ B be a minimal elliptic surface. Assume that, with the notation of Theorem 2.1, ω S = O a α P α . Let I be the set of the indices α such that a α = m α − 1. If n, t ∈ N >0 are such that t ≤ n 2 , then (11)
where |I| denotes the cardinality of I.
Proof. Assume that
by Riemann-Roch for curves, thence the statement of the lemma.
It remains to verify (12). That is true if
and in turn that holds if, for every α, n(m α − 1) ≥ tm α , which, being n > t, is equivalent to
Since m α ≥ 2, this latter inequality is satisfied if
that is, again by n > t, when t ≤ n 2 .
Proof of Theorem 1.1
From what said up to now, in order to prove Theorem 1.1 one has only to show that a minimal surface S with P 1 (S) = P 4 (S) = 1 and h 1 (S, O S ) = 2 and Kodaira dimension 1 cannot have an elliptic fibration f : S −→ B onto a curve of genus g(B) ≤ 2.
As a first reduction, g(B) cannot be 2 because of P 2 (S) = 1. Indeed, given an elliptic fibration f : S −→ B with P 2 (S) = 1,
where the second to last equality holds if g(B) = 2 because of (i) of Lemma 2.3: it must be The first case can be written off because of P 2 (S) = 1 in a similar fashion to what has been done to rule out g(B) = 2. Indeed, again by Theorem 2.1, projection formula and the Riemann-Roch Theorem for curves: 
If there were at least two multiple fibres, Lemma 2.4 would imply that P 2 (S) ≥ 2. If there were no multiple fibres the canonical bundle of S would be trivial, so κ(S) = 0.
Remark 1. Without asking P 4 (S) = 1, the only case left open for g(B) = 1 is when the fibration has exactly one multiple fibre which is not wild. Then Lemma 2.4 yields P n (S) ≥ 2 for n ∈ N ≥4 .
Genus of the base curve equals zero.
From what previously done, a surface S which satisfies the conditions of Theorem 1.1, is either birational to an abelian surface or it has κ(S) = 1 and there is an elliptic fibration f : S −→ B onto a smooth curve B with g(B) = 0. Therefore, Therem 1.1 is proved on condition of proving the following:
Proposition 3.1. Let S be a minimal surface over an algebraically closed field of characteristic p > 5 with P 1 (S) = P 2 (S) = 1, h 1 (S, O S ) = 2 and Kodaira dimension 1. Then the elliptic fibration of S cannot be onto a curve of genus 0.
Having fixed h 1 (S, O S ), P 1 (S) and characteristic p > 3, by (i) of Lemma 2.3 there would be three possible cases:
Theorem 2.1,
So, if such a surface as in the proposition existed, one would be in the last case.
If no fibre appeared in the expression of the canonical bundle, then the latter would be trivial, and the Kodaira dimension would not be 1. If there was at least one multiple fibre not wild, then, by Lemma 2.4, P 2 (S) ≥ 2, contradicting P 2 (S) = 1. By (ii) of Lemma 2.3 and deg L = −2, there can be at most two wild fibres. So it remains to exclude the two cases when there is exactly one multiple fibre which is wild and when there are exactly two multiple fibres, both wild. These two cases are addressed by the next two lemmas. Both of them are based on the following fact, used many times in [KU85] :
Fact 3.2. Let f : S −→ B be an elliptic surface. Then, using the notation already introduced,
Proof. As mentioned in the proof of [KU85, Lemma 1.2], one has
Indeed, by
, and the claim χ(O mαPα ) = 0 follows from the Riemann-Roch theorem for surfaces and the fact that the fibres of f are curves of canonical type:
Then the statement of the fact holds because of the equalities
where the second equality holds by cohomology and base change ([Mu12, Corollary 3]).
Lemma 3.3. Let S be a minimal surface over an algebraically closed field of characteristic p > 3 with P 1 (S) = P 2 (S) = 1, h 1 (S, O S ) = 2 and Kodaira dimension 1. Assume that the elliptic fibration of S is onto a curve B of genus 0. Then it is not possible to have exactly 2 multiple fibres, both wild.
Proof. Let m 1 P 1 and m 2 P 2 be the two wild fibres. By Fact 3.2, h 0 (m i P i , O m i P i ) = 2. So one can apply [KU85, Lemma 2.4 (i)] and see that
where ν i are positive integers defined in [KU85, 1. Preliminaries]. If for at least one of the two fibres the first equality held, with P 2 (S) one would get a contradiction applying Lemma 2.4. So, one can assume that for both fibres
where m i = p δ i ν i because of [KU85, (1.6)], and δ i ≥ 1 because a i ≥ 0. It is worth noticing that at least one of the two a i must be strictly positive, otherwise by (15) ω S would be trivial, impossible because of κ(S) = 1. The goal here is to reach a contradiction by showing that this would lead to P 2 (S) ≥ 2.
First, for an i such that a i = 0,
Indeed, that inequality is equivalent to:
which is true if Having proved above that 2a i ≥ m i , for a fixed i one has that
and so
then, similarly to the proof of Lemma 2.4,
which contradicts P 2 (S) = 1.
Finally, to conclude the proof of Proposition 3.1 one has to exclude the case of an elliptic fibration with exactly one multiple fibre which is wild, and the following lemma deals with that case.
Lemma 3.4. Let S be a minimal surface over an algebraically closed field of characteristic p > 5 with P 1 (S) = P 2 (S) = 1, h 1 (S, O S ) = 2 and Kodaira dimension 1. Assume that the elliptic fibration of S is onto a curve B of genus 0. Then it is not possible to have exactly 1 multiple fibre which is wild.
Proof. Let mP be the wild fibre over the point b of B, a ≥ 1 the coefficient of P in (15). Then Remark 3. Let S be a minimal surface over an algebraically closed field of characteristic 5 with P 1 (S) = P n (S) = 1 for a fixed n ∈ N ≥3 , h 1 (S, O S ) = 2 and Kodaira dimension 1. Assume that the elliptic fibration of S is onto a curve B of genus 1. Then it is not possible to have exactly 1 multiple fibre which is wild.
Having proved Proposition 3.1 and having recovered the case of p = 5 in Remark 2 and Remark 3, Theorem 1.1 holds. As a final remark, one could have proved Proposition 3.1 in a slightly different fashion by following the computations in the proof of [KU85, Theorem 5.2] and specializing them to the case at hand, thus getting the statement of Proposition 3.5 (which is stronger than Proposition 3.1). The case of elliptic surface in characteristic 5 that did not allow to state Lemma 3.4 for p ≥ 5 is the same that forces in Proposition 3.5 to distinguish between p ≥ 5 and p ≥ 7, and it is the same case that has been dealt with in Remark 2 and Remark 3. If there are exactly two wild fibres, it is shown directly in [KU85] that (25) holds when m ≥ 4, but since in that case the a α are exactly those of case (i) just above, taking p ≥ 5 (25) is satisfied for m ≥ 2.
